We present the algebra for density operators projected to a topological band of a three-dimensional (3D) system. This algebra generalizes to 3D space the Girvin-MacDonald-Platzman algebra for the densities projected to the lowest Landau level in the case of the 2D fractional quantum Hall effect. We provide an example of a model on the cubic lattice in which the chiral symmetry guarantees a macroscopic number of zero-energy modes that form a perfectly flat band, and explicitly construct the algebra for the density operators projected onto this topological dispersionless band. The algebra of the projected density operators is related to the emergence of noncommutativity of the spatial coordinates of particles propagating in 3D, similarly to the noncommutativity of coordinates projected to the lowest Landau level in 2D. The noncommutativity in 3D is tied to a nonvanishing θ-term associated to the integral over the 3D Brillouin zone of a Chern-Simons invariant in momentum-space. Finally, we find conditions on the density-density structure factors that lead to a gapped 3D fractional chiral topological insulator within Feynman's single-mode approximation.
I. INTRODUCTION
The integer quantum Hall effect (IQHE) 1 is the first known example of a fermionic phase of matter characterized by a topological index that is directly connected to a physical observable. The index in this case is the sum of the (first) Chern numbers obtained for each of the fully filled Landau bands, and the associated physical observable is the Hall conductance. [2] [3] [4] The fractional quantum Hall effect (FQHE) 5 results from the effects of electron-electron interactions when the Landau levels are partially filled with electrons, for certain rational filling fractions. 6 More examples of topological states of matter that are comprised of noninteracting fermions have been discovered recently, [7] [8] [9] [10] [11] [12] [13] [14] [15] and have been classified according to discrete symmetries they respect or not, and the dimensionality of space in which the particles propagate. [16] [17] [18] Such classification is sometimes referred to as the "periodic table" of topological insulators. 17 Among these states are Z 2 topological ones associated with the presence of time-reversal symmetry (TRS) in two-as well as three-dimensional (3D) systems. It is natural to then question what the "fractional" version of these phases should be, and how they could be described. In particular, it is interesting to ask what are the possible fractional topological phases of interacting fermionic systems in three spatial dimensions.
One approach to capture universal physics arising from topological interacting electron systems in (2+1) [19] [20] [21] [22] [23] [24] [25] [26] and (3+1) 27, 28 dimensions of space and time is via the parton construction: a fractional phase of electrons is obtained by constructing integer filled bands of "partons", which are then "glued" together by very strong gauge-mediated interactions so as to assemble together the physical electron. This approach is a generalization of theories that capture the universal physics of the FQHE, and yields, for instance, wavefunctions describing states which have fractional magneto-electric effects 27, 28 in the case of the Z 2 topological insulators. The parton construction is one way to obtain an effective topological quantum field theory (TQFT) to describe fractional topological insulators.
However, TQFTs do not capture the dynamics of the systems beyond their topological properties. As emphasized by Haldane, 29 TQFTs are incomplete theories of the FQHE, for while they characterize the quantum numbers of the elementary excitations (topological defects), such as their charges and statistics, they do not contain any information about their energies. The information about the fundamental length scale in the FQHE, the magnetic length, is lost in its TQFT treatment. Recently Haldane in Refs. 29 and 30 has proposed a geometric description of the FQHE based on the algebra of the density operators projected to the lowest Landau level that was originally introduced by Girvin, MacDonald and Platzman (GMP) in Ref. 31 .
When projected to the lowest Landau level, the density operators do not commute. However, the algebra closes in that the commutation of two density operators is proportional to a third one. Using this algebra, GMP were able to employ an approach that parallels that of Feynman and Bijl in their study of excitations in 4 He.
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Their approach allows to place a variational estimate on the excitation gap, if the static structure factor is known. The main objective of this work is to identify the density algebra obeyed by electron operators in 3D topological insulators, its relation to topological invariants, and its relevance to possible interaction-driven topological fractional phases in fermionic 3D systems. Armed with this algebra, one can forge ahead in trying to construct a dynamic theory of 3D fractional topological insulators that could perhaps parallel the solid understanding of the FQHE in 2D. In particular, the approach can suggest which types of interactions can give rise to in-compressible gapped phases.
There are important symmetry considerations that need to be carefully taken into account when searching for interacting topological insulators in 3D. The FQHE descends from the IQHE when Landau or Chern bands are partially filled. In turn, the 2D IQHE is a stable class of states characterized by a Z index (symmetry class A in the terminology of Ref. 16 ), which has no symmetry left out to be broken. If the logic is that we are also to start from a noninteracting topological insulator in 3D when constructing the interacting fractional counterpart, we need to look at systems which are topologically nontrivial in 3D space. One possibility is to start with Z 2 topological insulators. This has been the choice in most works so far. Here, instead, we shall start from systems that have chiral symmetry, but that lack TRS (symmetry class AIII in the terminology of Ref. 16 ). The rational for this choice is twofold. First, from experience working on strongly interacting 2D Z 2 topological insulators, we have observed that TRS is easily broken in favor of magnetized states due to the Stoner instability, which is enhanced in bands with nonzero topological invariant.
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Second, because the 3D chiral systems are characterized by a Z-valued topological invariant, it might keep a closer parallel to the FQHE. Indeed, we shall show that the density algebra for this 3D model does depend on this Z-valued topological invariant.
The approach of GMP is ideally suited to the situation where density operators are projected into a dispersionless band (for example the lowest Landau level in the case of the FQHE). Here, we shall give a concrete lattice model with chiral symmetry that contains an exactly flat topological band, on which we construct the projected density operators. The resulting algebra will depend on the nonzero integral over the 3D Brillouin zone of a Chern-Simons action in momentum-space. For this lattice model, the average Berry curvature over the entire Brillouin zone is zero. Hence, the type of 3D fractional topological insulator that we discuss is qualitatively different from the FQHE, where the average Berry curvature over the Brillouin zone is nonzero. The nature of the fractional states we discuss are intrinsically 3D, and not layered 2D (i.e., weak topological insulators). This paper is organized as follows. We show in Sec. II how the position and density operators for noninteracting fermions, if projected onto the occupied bands of their insulating ground state, can generate a noncommutative algebra. Although this is done explicitly in 2D and 3D space, the method applies to any dimension of space. A minimal microscopic 3D noninteracting lattice model that realizes the conditions necessary to establish the noncommutative algebra of Sec. II is presented in Sec. III. The role of interactions is then discussed in Sec. IV.
II. PROJECTED ALGEBRA
We begin by recalling some elementary facts about the quantum motion of a spinless electron confined to move in the plane spanned by the orthonormal unit vectors e 1 and e 2 perpendicular to an applied uniform magnetic field B = B e 3 , whereby e 3 = e 1 ∧ e 2 . Its quantum dynamics is governed by the single-particle (Landau) Hamiltonian
where the momentum P T ≡ ( P 1 , P 2 ) and position R T ≡ ( R 1 , R 2 ) operators obey the canonical commutation relation
with µ, ν = 1, 2. Hence, neither do the components of the covariant derivative in position space
nor do the components of the conserved guiding center
(2.4a) and
with B = c/(eB) the magnetic length. An orthonormal basis of energy eigenstates of the Landau Hamiltonian (2.1) is made of the kets
5b) and where n = 0, 1, 2, · · · labels the Landau levels with energy ε n = ω c (n+1/2) and m = 0, 1, 2, · · · , [(Φ/Φ 0 )− 1] labels the orbital angular momentum. Here, Φ = AB is the magnetic flux threading the area A of the system, Φ 0 = hc/e is the flux quantum, and ω c = eB/m e c is the cyclotron frequency.
Defining the projector on the n-th Landau level 6) one finds that the guiding center defined in Eq. (2.3b) is the position operator projected on any single Landau level
since P n a P n = 0 and P n a † P n = 0, while P n b P n = b and P n b † P n = b † . Thus, the position operators projected to any given Landau level satisfy the noncommutative single-particle algebra (2.4b ).
This algebra is at the heart of both the IQHE and the FQHE. For example, it is intimately related to the quantized Hall conductivity σ H . The Kubo formula for the contribution of the n-th Landau level (n = 0, 1, 2, · · · ) to the Hall conductivity is
8) where A is the area of the Hall droplet. This can be rewritten using Eq. (2.3a) as
where we used that A = 2π m 2 B . The role of the noncommutative position-operator algebra is apparent in the penultimate line.
To quadratic order in B , the algebra of the projected position operators (2.3b) is maintained if a coordinate transformation r µ → f µ (r), µ = 1, 2, that varies on length scales larger than B , is area preserving. Indeed, we can then expand
where the classical Poisson bracket is defined as
The condition for this coordinate transformation to locally preserve area is that its Jacobian equals unity, or equivalently that {f 1 , f 2 } P (r) = 1. In this case, it fol-
. From the projected coordinate algebra one can obtain a (projected) density algebra, by defining the projected density ρ(r) := P n (r) P n , (2.11a) where the unprojected density operator is
One can also naturally construct the guiding center operators (2.3b) from the projected density operators through
In momentum space, the projected normal ordered density operators
in the lowest Landau level n = 0 satisfy the commutation relations
(2.14a) or, in the limit of small wavevectors q 1 and q 2 ,
This algebra, the GMP algebra, 37-41 plays two crucial roles. First, within the SMA approximation, 31 it dictates under what conditions interactions open a spectral gap between the many-body interacting ground state and its excitations upon lowering the chemical potential within the first Landau level. Second, it also dictates the universal properties of the low-energy and long-distance dynamics at the edge in an open geometry.
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The goal of the work presented in the remainder of this section is to generalize the noncommutative singleparticle algebra (2.4b) to noninteracting many-body fermionic Hamiltonians in 3D space. Before carrying out this program, let us motivate what it is to come by first presenting what would constitute a natural extension of the algebra in the QHE to 3D problems.
First, instead of the commutator, consider the case where the 3-bracket of the 3D projected position operators equals a C-number
where, following Nambu, 36 we have defined the 3-bracket
The characteristic length scale of the 3D noninteracting many-body Hamiltonian, not to be confused with the magnetic length B of the 2D Landau Hamiltonian, is the signature of a spectral gap separating the ground state from the excited states. Similarly to the 2D case, where area preserving coordinate transformations left the commutation relations unchanged, we would like volume preserving transformations not to change the 3-bracket. Under generic transformations r µ → f µ (r), µ = 1, 2, 3, that vary on length scales larger than ,
16a) where the classical Nambu bracket is defined as
The condition for this coordinate transformation to locally preserve volume is that its Jacobian equals unity, or equivalently that {f 1 , f 2 , f 3 } N (r) = 1. In this case, it
Second, we posit that the 3D counterpart of the projected density algebra (2.14) is
(2.17) for some function Θ with the Taylor expansion Θ(x) ∝ x for small arguments x 1. The algebra defined by Eqs. (2.15) and (2.17), if it can be realized by a 3D fermionic noninteracting manybody Hamiltonian, might then deliver two results. First, within the SMA approximation, it might dictate under what conditions interactions open a spectral gap between the many-body interacting ground state and its excitations upon lowering the chemical potential below the single-particle gap. Second, it might also dictate the universal properties of the low-energy and long-distance dynamics at the boundary in an open geometry.
The key idea to realize the algebra defined by Eqs. (2.15) and (2.17) is to replace the effect of the magnetic field in the Landau Hamiltonian by that of the projection of suitable operators on a suitable subspace of the fermionic Fock space. The construction of this suitable subspace presumes the existence of fermionic Bloch bands as occurs in condensed matter physics and assumes that a subset of these bands are fully occupied, while the complementary set are empty and separated from the filled subset by an energy gap. Now, carrying out this program for some Bloch bands will not yield immaculately the 3-brackets (2.15) and (2.17). It will yield these relations approximately in the long wave-length limit. The situation here is similar to the case of the quantized Hall effect in flat Chern bands of 2D models. [45] [46] [47] [48] As discussed by Parameswaran, Roy, and Sondhi in Ref. 49 (see also Refs. 50 and 51), the algebra (2.14b) follows if the fluctuations in the Berry curvature over the Brillouin zone are neglected, or equivalently if the local curvature is approximated by its average over the entire Brillouin zone. Without this approximation, however, the projected position operator algebra will not be as simple as in Eq. (2.4b) and may instead be represented as 
Here, Ch (1) is the first Chern number of the topological band that sustains the IQHE in the lattice, and will be defined in Eq. (2.46) , while N p is the total particle number andρ is the average particle density. This suggests that the universal physical properties are captured by the C-number contribution to the right-hand site of Eq. (2.18).
As with the commutator (2.18), the 3-bracket (2.15) will also acquire extra terms in 3D space 20) We are thus lead to consider its normal ordered expectation value instead, which, as we show in Sec. II A, is given by
Here, the symbol CS (3) stands for the 3D Chern-Simons invariant, which is indeed a quantized topological topological invariant in systems with chiral symmetry, and will be defined in Eq. (2.44b).
We start by deriving Eq. (2.21) in Sec. II A for any Hamiltonian that is endowed with translation invariance, a spectral gap, and describes the motion of noninteracting fermions in flat Euclidean space R 3 . We then specialize in Sec. II B to the case of massive noninteracting Dirac Hamiltonians for which this algebra simplifies greatly in the long-wave length limit. Finally, Sec. II C is devoted to the algebra of density operators in 3D lattice models, and will substantiate Eq. (2.17). fermions fully occupy the lowest N bands of a total of N bands of a noninteracting translational invariant (Bloch) Hamiltonian (see Fig. 1 ). We assume that the N bands are separated by an energy gap from the higher bands and that the chemical potential lies in this spectral gap. We denote with P N the projection operator on the states in these gapped lower bands. In analogy to the guiding center coordinates (2.12) in the IQHE, we can then define the operators
, where (r) measures the fermionic density at position r. The engineering dimension of the operators X µ is that of length. Their expectation value for any single-particle state is nothing but the expectation value of the µ-component of the projected position operator in this single-particle state. Hence, we interpret this operator as the µ-component of the projected many-body position operator. When multiplied by the electric charge, it is nothing but the projected polarization operator.
In the following, we will compute the expectation values of the commutator and the 3-bracket of the operators X µ (µ = 1, · · · , d) in the insulating noninteracting manybody ground state |Φ obtained by filling all the states in the N lower bands. For that, we will use the second quantized formalism, within which the density operator
is expressed in terms of the second quantized singleparticle operator ψ † α (r) that creates a fermion at position r and in the orbital labeled by α, where summation over the α = 1, · · · , N orbital degrees of freedom is implied. We are using the normalization convention
for the anticommutator between creation operators with orbital α = 1, · · · , N and position r ∈ R d and annihilation operators with orbital α = 1, · · · , N and position r ∈ R d . We denote with ψ α (k) the Fourier transforms of the second quantized operators ψ α (r), α = 1, · · · , N . The projection P N is most conveniently carried out after rewriting ψ α (k) via a unitary transformation
in terms of the operator χ a (k) that creates a state at momentum k ∈ R d in the band labeled by a, where summation over the a = 1, · · · , N bands is implied. For any given momentum k ∈ R d and band a = 1, · · · , N , the vector with the N components u (a) α (k) labeled by the orbitals α = 1, · · · , N is nothing but the eigenstate of the Bloch Hamiltonian. These Bloch states obey the orthonormality condition
Then, the projection P N amounts to restricting the summation over the bands a = 1, · · · , N that is implicit in Eq. (2.25) to the subset of theã = 1, · · · , N lowest bands. Hence, the projected density operator takes the form 27) where the symbol˜is used to indicate that the implied sums over the repeated band indicesã,ã run only over the N lower band indicesã,ã = 1, · · · , N on which the operator is projected. We can now use the form (2.27) of the projected density operator to rewrite the µ-component of the projected position operator (2.22) as a single integral in momentum space,
and a summation is implied over the repeated occupied bandsã,b = 1, · · · , N (∂ µ is a short-hand notation for the partial derivative with respect to k µ ). These coordinates are nothing but the N × N matrix elements of the nonAbelian covariant derivative
for any k ∈ R d in momentum space, since the nonAbelian gauge field A µ (k) with the matrix elements
The x µ (k) are noncommutative if the non-Abelian gauge field has the nonvanishing field strength
for some µ, ν = 1, · · · , d and some k ∈ R d in momentum space.
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We are now going to construct a family of expectation values of products of the projected position operator (2.28a) in the noninteracting many-body ground state |Φ .
For that purpose, it is useful to relate the noninteracting many-body ground state expectation value of any projected many-body operator O that is bilinear in the occupied band operators to a single-particle expectation value of its first-quantized kernel O. In other words, we consider the second-quantized operator
where summation is implied over the repeated occupied band indices and, for any pair of occupied bandsã,ã = 1, · · · , N , the first-quantized operator Oãb(k, k ) is some differential operator with respect to the wave number
On the right-hand side, we have introduced the singleparticle ket |Φ, k,ã defined by removing from the noninteracting many-body ground state |Φ one fermion with wave number k ∈ R d and occupied band index a = 1, · · · , N , whereby these single-particle states are normalized according to the convention
for anyã,ã = 1, · · · , N and k, k ∈ R d and |Φ would be normalized as
if periodic boundary conditions were imposed in a box of linear size L before the thermodynamic limit L → ∞ was taken. Furthermore, we shall assume that
decomposes additively into two pieces for anyã,b = 1, · · · , N and k, k ∈ R d . The first piece is diagonal in the band index but may contain differential operators with respect to the wave number k ∈ R d . The second piece need not be diagonal in the band index but acts multiplicatively (like a C number) on the band operators. The covariant derivative D µ (k ) from Eq. (2.28c) when multiplied from the left by δ(k − k ) satisfies this additive decomposition. If so, we conclude that
We have introduced the single-particle wavefunction normalization constant
that is independent of the momentum k ∈ R d and of the occupied bandã = 1, · · · , N . This constant is the inverse volume element in momentum space, i.e., it would scale like L d as L → ∞ if periodic boundary conditions were imposed in a box of linear size L before the thermodynamic limit L → ∞ was taken. We have also introduced the trace tr over the occupied band index and the dimensionless trace
over the single-particle Hilbert space on which O acts. The first member of the family of expectation values is that of the projected position operator X µ for any µ = 1, · · · , d given by
The second member in this family is constructed from the second-order polynomials
for any pair µ, ν = 1, · · · , d. After making use of Eq. (2.28a), one verifies that
is a normal-ordered bilinear form in the χ operators for any pair µ, ν = 1, · · · , d and with the summation convention implied over occupied projected band indices
for any pair µ, ν = 1, · · · , d. Observe that the nonAbelian contribution to F µν defined in Eq. (2.29) drops out from
for any k ∈ R d and any pair µ, ν = 1, · · · , d. The third member in this family is constructed from the normal-ordered third-order polynomials
for any given triplet µ, ν, ρ = 1, · · · , d, written as the quantum 3-bracket defined in Eq. (2.15b). Normal ordering is defined by moving all creation operators to the left of the annihilation operators as if these operators were mere anticommuting numbers and is indicated by sandwiching the expression to be normal ordered by colons. After making use of Eq. (2.28a) and Eq. (2.34), one verifies that 
where G(k) is any unitary N × N matrix for any k ∈ R d and matrix multiplication is implied in Eq. (2.39) with the operator-valued column-vectors and row-vectors χ (k) and χ † (k) that have the components χã(k) and
There is a qualitative difference between Eqs. (2.32) and (2.38) on the one hand, and Eq. (2.35) on the other hand. The right-hand side of Eq. (2.35) solely depends on the single-particle operator F µν with µ, ν = 1, · · · , d, an operator that acts multiplicatively on the single-particle basis |Φ, k as far as the momentum dependence is concerned. This is not so for Eqs. (2.32) and (2.38). Their right-hand sides involve single-particle traces over differential operators with respect to the components k µ with µ = 1, · · · , d in the single-particle basis |Φ, k .
The expectation value (2.32) consists of two contributions
the first of which is ill-defined and reflects the arbitrary choice of origin of the coordinate system. The second term, however, corresponds to the physical polarization. 54 Here, we will fix the origin such that the derivative becomes a traceless operator 
for any µ, ν = 1, · · · , d. Here, we have multiplied the expectation value by the inverse of total number of particles N p to obtain an intensive quantity. Then, the ratio of the number of particles N p and the single-particle wavefunction normalization constant N defined in Eq. (2.31c) is nothing but the average particle densitȳ
Equation (2.42a) is invariant under the local U ( N ) gauge transformations (2.39) of the single-particle Hilbert space, even if they change the boundary conditions. Finally, the last term on the right-hand side of Eq. (2.38) can be rewritten as, following Appendix A, The Chern-Simons invariants (2.44a) and (2.44b) are only well-defined modulo integer values, since the local U ( N ) gauge transformations (2.39) of the single-particle Hilbert space can change them by their winding numbers, that are
In contrast, the
can only take integer values if the domain of integration is that of a d-dimensional torus T d with the volume (2π) d in momentum space, 55 irrespective of whether or not the single-particle Hamiltonian obeys the chiral symmetry. However, when chiral symmetry holds, the 1D Chern-Simons invariants (2.44a) are quantized. 18 Therefore, derivatives of these quantities vanish, which in turn implies that all first Chern numbers (2.46) vanish. Furthermore, the first Chern numbers (2.46) are invariant under the local U ( N ) gauge transformations (2.39). The first Chern numbers defined in d-dimensional momentum space carry the engineering dimensions of (2 − d).
Let us explicitly state our main result for the fully antisymmetric product of three projected position operators (2.28a) in the noninteracting many-body ground state for the case of d = 3 dimensions
(2.47)
[The single-particle wavefunction normalization constant N was defined in Eq. (2.31c). The average particle densityρ was defined in Eq. (2.42b).] Again, it should be noted that the right-hand side of Eq. (2.47) is entirely determined by its quantized topological numbers if the single-particle Hamiltonian obeys the chiral symmetry, periodic boundary conditions hold, and if the equality is understood modulo contributions from local U ( N ) gauge transformations (2.39) with non-vanishing winding numbers, in which case
owing to Ch
(1) νρ = 0 for any ν, ρ = 1, · · · , d. We close Sec. II A by noting that it is natural to generalize our discussion to d-brackets of projected position operators in d dimensional space defined by
where .49) is expressed solely in terms of the Berry curvature F µν (k) whenever d is even. By Wick's theorem, this expectation value involves a linear superposition of many-body contributions ranging from a d/2 many-body contribution all the way down to a one-body contribution. The one-body contribution is the d/2-th Chern number which is proportional to
In contrast, for any odd dimension of space d, the noninteracting many-body ground-state expectation value of the d-bracket for the projected position operators involves Chern-Simons forms as was the case for d = 1, 3 as we have already explored.
B. Massive Dirac fermions and volume-preserving diffeomorphisms
In Sec. II A, we have related the ground state expectation values of the commutator and of the 3-bracket of projected position operators to quantized topological numbers, namely the Chern numbers and Chern-Simons invariants. By contrast, we have recalled in Eq. (2.4b) that a Landau level has the special property that the commutator of projected position operators itself is nothing but an imaginary number
where µ, ν = 0, 1. In other words, the Berry curvature is constant in a Landau level. The algebra (2.51) entails the so-called W ∞ algebra obeyed by the projected density operators in a Landau level. 31 Here, we are going to show that the same is true for massive Dirac electrons in 2D, if the limit of small momenta k → 0 is considered. We then extend the discussion to massive Dirac electrons in 3D, where we consider the 3-bracket of projected position operators in the same limit of small momenta.
In 2D Euclidean flat space, a single flavor of Dirac fermions with mass m and in the fundamental representation of the Lorentz group is governed by the singleparticle Hamiltonian in momentum space
(2.52)
As usual, we use σ 0 for the 2 × 2 unit matrix, while σ 1 , σ 2 , and σ 3 are the three Pauli matrices. This Hamiltonian supports two bands with the nondegenerate energy eigenvalues
and the Berry curvatures
for µ, ν = 1, 2. Upon projection to the lower band ε (−) (k), the position operators defined by Eqs. (2.28b) and (2.54) satisfy the noncommutative algebra
for µ, ν = 1, 2. The Dirac counterpart to the magnetic length in the QHE is here
As announced, the algebra (2.55) reproduces the algebra (2.51) in the limit k → 0. The first Chern number of the lower band is given by
(2.56)
We will now illustrate a geometric consequence of the algebra (2.55) of the projected position operators. For that purpose, consider a pair of smooth functions f 1 (r) and f 2 (r) that vary on length scales larger than D . With the help of the Taylor expansions of f 1 (r) and f 2 (r) around the origin, we can define two single-particle operators f 1 (x) and f 2 (x) by replacing r in the Taylor expansions with the projected position operator x = (x µ ). As a consequence of the algebra (2.55), these single-particle operators satisfy in the limit of long-wavelength (2.57) where the classical Poisson bracket was defined in Eq. (2.10a). The commutator (2.57) is invariant under area-preserving diffeomorphisms of the Euclidean plane, just as the Poisson bracket is, to leading order in an expansion in powers of D . The algebra obeyed by the set of diffeomorphisms of the Euclidean plane that leave the Poisson bracket invariant realizes the so-called classical w ∞ algebra. Thus, Eq. (2.57) draws the connection to the quantum version of the w ∞ algebra, which is the W ∞ algebra (see Refs. 38, 39, 40, and 41) obeyed by the projected density operators in a Landau level.
31,42-44
A manifestation of this correspondence is found in the nondissipative Hall viscosity, which can be viewed as the response function of the quantum fluid to an infinitesimal area-preserving deformation. 56 In turn, an incompressible 2D classical fluid may be described in terms of a one-form gauge field, as appears in the Chern-Simons theory relevant to the quantum Hall effect (QHE).
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In 3D Euclidean flat space, a single flavor of Dirac fermions with mass m and in the fundamental representation of the Lorentz group is governed by the singleparticle Hamiltonian in momentum space
where we have defined the Hermitian 4 × 4 matrices
(2.58b) Observe that this Hamiltonian has the chiral symmetry
for all k ∈ R 3 . The spectrum of Hamiltonian (2.58a) consists of two doubly degenerate bands with the energy eigenvalues
and the non-Abelian Berry field strengths
for µ, ν = 1, 2, 3, where γ T = (−σ 1 , σ 2 , σ 3 ). Consequently, upon projection to the lower band ε (−) (k), the position operators defined by Eqs. (2.28b) and (2.61) satisfy the noncommutative algebra
for µ, ν = 1, 2, 3. The definition (2.55b) of D has carried over. Since the non-Abelian Berry field strength (2.61) is traceless, all first Chern numbers (2.56) vanish as expected for a system with chiral symmetry. In contrast, the 3-bracket is again proportional to a Dirac-like operator
As for the case of Dirac electrons in 2D, we can associate a geometrical meaning to the algebra (2.63) of the projected position operators. To that end, consider three smooth functions f 1 (r), f 2 (r), and f 3 (r) that vary on length scales larger than D . Again, with the help of the Taylor expansions of these functions, we define three single-particle operators by replacing r in the Taylor expansions with the projected position operator x = (x µ ). As a consequence of the algebra (2.63), these operators satisfy in the limit of long wavelength
where tr denotes the trace over the matrix degrees of freedom and the classical Nambu bracket was defined in Eq. (2.16b). The Nambu bracket is invariant under volume-preserving diffeomorphisms of Euclidean space just as the Poisson bracket is invariant under areapreserving diffeomorphims in 2D. 36 In the description of ideal 3D classical fluids a two-form gauge field naturally arises as a consequence of volume preserving diffeomorphisms.
60 Such a two-form gauge field also appears in the 3D BF theory that is believed to be relevant to 3D topological insulators. 61 Since the 3-bracket (2.64) is invariant under volume-preserving diffeomorphisms of 3D Euclidean space, to leading order in an expansion in powers of D , Eq. (2.64) draws a connection to a quantum algebra that generalizes the classical algebra obeyed by volume-preserving diffeomorphisms.
C.
Algebra of the density operators
Until now, we have considered the algebra obeyed by the projected position operator assuming translation invariance in Euclidean flat spaces. What are the consequences of the noncommutative coordinates in 3D space for the algebra of the projected density operators?
To answer this question, we resort to a tight-binding model defined on a lattice Λ with a Brillouin zone BZ, and on which we impose periodic boundary conditions. We assume, without loss of generality, that the lattice is three dimensional. In this spirit, we turn our attention to the single-particle electronic density defined on a given site r of a lattice Λ as where α = 1, · · · , N labels degrees of freedom on every lattice site, e.g., spin or orbitals. These operators obey the closed algebra
owing to the orthonormality of the single-particle states
for any pair of sites r 1 and r 2 from the lattice Λ and for any pair of orbitals α 1 , α 2 = 1, · · · N . As a consequence, these operators commute pairwise. The Fourier transform of r in terms of the orthonormal Bloch states |k, α labeled by the wave number k from the BZ and orbital index α = 1, · · · , N reads
for any q ∈ BZ. These operators obey the closed algebra
for any pair of wave number q 1 and q 2 from the BZ and for any pair of orbitals α 1 , α 2 = 1, · · · N . As a consequence, these operators commute pairwise. Consider now a basis transformation in the α degrees of freedom for every k ∈ BZ that is parametrized by the N × N complex-valued numbers u
The ket |u k , b labeled by k ∈ BZ for any given b = 1, · · · , N should be thought of as Bloch state of the bth band of a single-particle Hamiltonian. This Hamiltonian shares the translational symmetry of Λ and periodic boundary conditions are imposed. For any q ∈ BZ, we define the density operator projected on a single (nondegenerate) bandb by
The projected operators ρ q with q ∈ BZ do not obey anymore the algebra (2.66b). In the long-wavelength limit q 1 , q 2 1 (the lattice spacing of Λ is set to unity), their commutation relation is [49] [50] [51] 
to leading order in an expansion in powers of the components of q 1 and q 2 , where
and
for µ, ν = 1, 2, 3 are the Abelian Berry curvature and the Abelian Berry connection, respectively, and ∂ µ is understood as the derivative with respect to the momentum component k µ . The long-wavelength algebra (2.69a) closes only if F µν,k is independent of k, in which case
with λ = 1, 2, 3 are the components of the vector Ch made of the three first Chern numbers characterizing any nondegenerate band in 3D space. 62 (A summation convention is implied for the repeated indices µ, ν = 1, 2, 3.) In the thermodynamic limit by which the linear size L over which the periodic boundary conditions are imposed is taken to infinity or, equivalently, the lattice spacing is taken to zero, each first Chern number is quantized.
The IQHE is an example in 2D for which the condition of constant Berry curvature F µν,k is met. In this context, the closed algebra (2.70a) was found by GMP (in fact, the algebra closes to all orders in q in this case). 31 With the help of this algebra, GMP argue, within a single-mode approximation, that FQH states are incompressible.
Recently, it was shown that lattice models with flat bands and nonzero Chern number also support incompressible FQH ground states, [45] [46] [47] [48] even though their Berry curvature is not constant over the BZ. This result suggests to approximate the algebra (2.69a) by the algebra (2.70a), that is, to replace F µν,k with its average value over the BZ.
49,50
We will now consider a fully antisymmetric product of three projected density operators, expand it to third order in the momenta, and apply the same approximation by replacing each term in the expansion with its average over the BZ. The expansion reads
where the summation convention over the repeated indices i, j, k = 1, 2, 3 and µ, ν, λ = 1, 2, 3 is implied. The term of second order in q comes again multiplied by the Berry curvature, i.e., the density associated with the topological invariants Ch λ for λ = 1, 2, 3 defined in Eq. (2.70b). As for the second term on the right-hand side, we recognize the integrand of the Abelian ChernSimons form. We thus define
The sums
vanish in the thermodynamic limit, since their integrands are derivatives of functions that are sufficiently well behaved to allow for the application of the fundamental theorem of calculus. The term
for any triplet µ, ν, λ = 1, 2, 3 is nonuniversal and in general nonvanishing. It vanishes if the system satisfies the isotropy condition
for any triplet µ, ν, λ = 1, 2, 3.
Finally, when replacing each factor in Eq. (2.71) by its average over the BZ, one obtains the approximation
where the summation convention over the repeated indices i, j, k = 1, 2, 3 and µ, ν, λ = 1, 2, 3 is implied.
This is the main result of Sec. II C. Insulators for which the invariants Ch λ with λ = 1, 2, 3 are nonvanishing can be viewed as a 3D extension of an IQHE or a layered system of 2D Chern insulators. In this case, Ch λ with λ = 1, 2, 3 parametrizes the quantized off-diagonal part of the conductivity tensor. 62 The physics of such insulators is not intrinsically 3D and they are thus not our primary interest here.
Even if the Berry curvature vanishes on average in the BZ so that Ch = 0, θ can be nonzero and may take any real value in general. The value of θ has measurable consequences as it contributes to the magneto-electric coupling in a 3D band insulator. 63 For 3D band insulators with either spin-orbit coupling that are time-reversal symmetric (symmetry class AII) or with chiral symmetry (symmetry class AIII), θ is restricted to integer multiples of π and represents a topological invariant. 18 We thus conclude from Eq. (2.76) that for 3D tight-binding Hamiltonians within the symmetry classes AII or AIII, the fully antisymmetric product of three projected density operators is dominated by the value of their topological invariant θ, just as the commutator of two projected density operators is dominated by the value of the Chern number in 2D tight-binding models within the symmetry class A. We will illustrate this statement with the help of a microscopic lattice model belonging to the symmetry class AIII in the following section.
III. NONINTERACTING THREE-BAND TIGHT-BINDING MODEL
The goal of this section is to define a "simple" singleparticle Bloch Hamiltonian that supports a dispersionless isolated band with nontrivial topological character, such that the electronic density operators projected to this band obey the noncommutative algebra described by Eq. (2.76) with Ch λ = 0 for λ = 1, 2, 3 and θ = π. Our model belongs to symmetry class AIII and has three bands, which is the minimum number required to realize the desired θ-term. 63 One of the three bands is necessarily dispersionless as a consequence of chiral symmetry. Therefore, it can be taken as the basis for the construction of fractional topological states in 3D.
A. Definition
We consider spinless electrons hopping between the sites r T ≡ (r 1 , r 2 , r 3 ) of a 3D cubic lattice Λ and onsite orbitals, whereby each site r can accommodate three orbital degrees of freedom that we label with the Greek index α = 1, 2, 3. To accommodate the hybridization between any of the three orbitals, we need to choose a basis for all 3 × 3 Hermitean matrices. We denote the unit 3 × 3 matrix by λ 0 which, together with the eight traceless Gell-Mann Hermitean matrices λ n with n = 1, · · · , 8, form the desired basis of all 3 × 3 Hermitean matrices.
The second quantized tight-binding Hamiltonian is then defined by
where we have introduced the 3-component operator c † r ≡ c † r;1 , c † r;2 , c † r;3 with c † r;α creating a spinless fermion at site r in the orbital α = 1, 2, 3 and obeying periodic boundary conditions under the translation r → r + Le j for any of the three orthonormal unit vectors e 1 , e 2 , and e 3 that span the cubic lattice Λ. This single-particle Hamiltonian depends on the real-valued parameter M .
Translation invariance allows to diagonalize Hamiltonian (3.1) upon performing a Fourier transformation on the creation and annihilation fermionic operators. If we denote with BZ the Brillouin zone of the 3D cubic lattice and with k any Bloch wave number from the BZ that is compatible with the periodic boundary conditions, then
with the momentum-resolved single-particle 3 × 3 matrix
that depends on the 4-component real-valued row vector
With the help of the explicit representation of the eight Gell-Mann matrices from Appendix B, one verifies that
if and only if the 3 × 3 matrix C is given by
The fact that H k anticommutes with C implies that any pair of eigenstate u
of H k with nonvanishing eigenvalues are associated with the opposite singleparticle eigenenergies ε
Since H k is a 3 × 3 Hermitean matrix for any wave number k from the BZ, it then follows that at least one eigenstate u 
of unit length (q † k q k = 1) enters H k according to
One then verifies that
are orthonormal Bloch states of H k for any Bloch wave number k from the BZ. For any value of the parameter M entering the single-particle Hamiltonian H, Eqs. (3.5c) and (3.4) define globally over the entire BZ the desired Bloch states with their dispersions. For generic values of M , i.e., whenever |d k | is nonvanishing over the entire BZ, there are two dispersive bands whose Bloch states u
are related by the chiral transformation and one dispersionless band u
k of zero modes. Hamiltonian (3.2) breaks time-reversal symmetry, for the first three components of d k are odd while the fourth component is even under k → −k for any value of M . This leaves no room for a particle-hole symmetry by which Hamiltonian (3.2) would anticommute with an antiunitary operator. Adding to Hamiltonian (3.2) any linear combination of the remaining Gell-Mann matrices λ 1 , λ 2 , λ 3 , λ 8 , and the unit 3 × 3 matrix λ 0 breaks the chiral symmetry. Such perturbations change the symmetry class of Hamiltonian (3.2) from AIII to A. Although a chemical potential (a nonvanishing constant term proportional to the unit matrix λ 0 ) does break the chiral symmetry, it does so by moving rigidly the entire energy spectrum up or down in energy while leaving the Bloch states unchanged. The topological attributes of the three Bloch bands are thus untouched by the addition of a chemical potential.
B. Topological invariants
We shall take the thermodynamic limit L → ∞ with L the linear extend over which periodic boundary conditions are imposed. In this limit sums over wave numbers in the BZ are replaced by integrals over the BZ while the index k becomes the argument of functions. From now on, we shall identify the BZ with T 3 . We can then distinguish two related topological invariants associated to the family of single particle 3 × 3 matrices H(k) labeled by the wave number k from a BZ with the topology of the 3-torus T 3 owing to the periodic boundary conditions.
The first topological attribute characterizes the bundle of Hamiltonians H(k) over the BZ T 3 . For any wave number k ∈ T 3 , there is a one-to-one correspondence between the 3 × 3 Hermitean matrices H(k) and the vector d(k) ∈ R 4 . For any wave number k ∈ T 3 , the magnitude |d(k)| measures the momentum-resolved energy separation between the zero mode u (0) (k) and the lower and upper modes u (−) (k) and u (+) (k), respectively. The eigenstates u (0) (k), u (−) (k), and u (+) (k) are independent of the magnitude of |d(k)|, i.e., they only depend on the coordinate defined by the unit 3-vector d(k)/|d(k)| on the 3-sphere S 3 . It follows that the topological attributes of the three Bloch bands of Hamiltonian (3.2) are determined by the homotopy group Z of the map defined by
between the BZ T 3 and the 3-sphere S 3 . For each parameter M = ±1, ±3 entering in Hamiltonian (3.2), the integer value taken by the topological invariant
7a) determines which homotopy class the map (3.6) belongs to. Here, we are using the short-hand notation ∂ µ d j ≡ ∂d j /dk µ , with µ, ν, λ labeling the three coordinates of the momentum k and i, j, k, l labeling the four components of the vector field d, and the convention for summation over repeated indices. Explict computation of ν as a function of M delivers
Whenever |M | = 1, 3, the gap over the BZ closes at the discrete points (the lattice spacing is unity)
These eight wave numbers change by a reciprocal wave vector under the operation of time reversal, under which k → −k. In this sense, they are time-reversal invariant. The touching of the upper and lower dispersions at the wave numbers (3.8) occurs at zero energy and delivers a Dirac dispersion in their close vicinity when |M | = 1, 3. Hence, we call the wave numbers (3.8) Dirac points when |M | = 1, 3. For small deviations away from |M | = 1, 3, a spectral gap opens up at the wave numbers (3.8) that can be associated with a Dirac mass. Remarkably, the number of Dirac points that change the sign of their mass across a transition tuned by changing M through any one of the values |M | = 1, 3 is equal to the change in the topological invariants (3.7). To see this, observe that the momentum resolved Dirac masses are given by
With the help of these 8 integers, we define the integers
The factor (−1) m+n+l assures that the mass sign is taken relative to the chirality of the kinetic piece of the Dirac operator. One verifies that (see also Appendix D)
for any |M | = 1, 3. The second topological attribute characterizes the bundle of Bloch states u (ã) (k) over the BZ T 3 for any of the 
where we have introduced the Abelian Berry connection
for any of the three bandsã = −, 0, +. With the help of Eq. (3.5c), one deduces that
when |M | = 1, 3. Explicit evaluations of the Berry phase of any of the three bands then yields
when |M | = 1, 3.
C. Density algebra
We will now argue that the algebra obeyed by the momentum-resolved density operators
after projection to the isolated flat band of Hamiltonian (3.2) is dominated by the integrand of the topological invariant θ (0) = π in the long wave-length and low energy limit. For that, we use Eq. (2.76) and note that the Chern numbers Ch defined in Eq. (2.70b) are vanishing for all bands of the model defined by Eq. Here, I(M ) is some nonuniversal real number, that is nonvanishing generically and measures by how much
fails to be proportional to µνλ . Equation (2.76) thus reads for the flat band of the 3-orbital model
It turns out that I(M ) is nonvanishing for any nonvanishing value of M in the model defined by Hamiltonian (3.2). This can, however, be remedied by replacing the vector d k in Eq. (3.2c) with
where the real parameter η was introduced. While η = 1 corresponds to the original model, for large enough η, one can find an M = M (η), such that
In Fig. 3 , the case η = 2 is exemplified. In summary, we have found a 3D lattice model with a topologically nontrivial flat band. We have shown that the electron density operators, when projected to this flat band, obey a noncommutative algebra that is dominated by the value of the topological index of the model. Upon partial filling, this flat band thus provides a manifold of many-body noninteracting ground states with macroscopic ground state degeneracy, similar to the case of a partially filled Landau level. Henceforth, one may expect interesting many-body ground states to appear once electron-electron interactions are added to the model. In that regard, we observe that any many-body Hamiltonian that includes an interaction build out of the projected density operators (3.15) is invariant under the chiral transformation (3.3a), since the projected density operators (3.15) themselves are invariant under the chiral transformation (3.3a).
D. Surface states
We shall here provide an interpretation of the topological invariant (3.10) as a manifestation of the surface states associated with a spatial dependent mass parameter M in the Hamiltonian (3.2). This observation applies when considering the surface states that connect bands separated by a bulk gap. Such surface states, connecting the upper and lower band, appear only when the periodic boundary conditions are replaced by open boundary conditions that implement a slab geometry with the surface normal parallel to the r 3 direction.
In order to study the surface modes, we consider the low energy description of the Hamiltonian (3.2) by linearizing it around each of the 8 nodal points in the Brillouin zone k 24) wherek ± ≡k 1 ± ik 2 ,k j ≡ −i∂ r j , for j = 1, · · · , 3 and M 000 = M − 3. For a uniform mass M 000 , the spectrum breaks into three low energy bands with eigenvalues 0 and ± k 2 + |M 000 | 2 .
We now regard M 000 as a domain wall configuration along the r 3 -direction, which we choose to parametrize as 25) where Θ is the Heaviside function. The choice of a sharp domain wall in (3.25) facilitates the analytic treatment of the eigenmode equations and does not affect the generality of the following discussion. Due to the translational invariance on the e 1 -e 2 plane, we seek solutions of
with ψ 000,κ (ρ, r 3 ) = e iκ·ρ φ 000,k (r 3 ), whereby ρ = (r 1 , r 2 ) and κ = (k 1 , k 2 ) are, respectively, the coordinates and momenta projected on the e 1 -e 2 plane. The components of the spinor wavefuction
(3.28c)
At r 3 = 0, the solution of Eq. (3.28c) yields
where h 0 is a normalization constant and λ −1 := M 2 000 + κ 2 − ε 2 κ > 0, while the delta function discontinuity at r 3 = 0 imposes the condition λ −1 = M 000 . Therefore, the domain wall configuration (3.25) bounds surface states with dispersion
provided M 000 > 0. Evaluating the solution (3.29) in (3.28a) and (3.28b) yields the spinor wavefunction, which, up to a normalization constant N , reads ψ 000,±,κ (ρ, r 3 ) = N ϕ 000,±,κ e iκ·ρ e −M 000 r 3 , (3.31a)
(3.31b) The discussion of the boundary states of the low energy Hamiltonians with n = 0, H lm0 , is very similar to that of H 000 . In this case, the existence of gapless surface states with dispersion as in Eq. (3.30) for sharp domain wall configurations
requires M lm0 > 0. The explicit form of the eigenspinors (omitting the r 3 dependent part) is
For the boundary states of the low energy Hamiltonians with n = 1, H lm1 , the extra minus sign coming from the Taylor expansion around k 3 = π implies that the gapless surface states exist for domain wall configurations 34) provided M lm1 < 0. The eigenspinors in this case read
In order to account for all the possible surface modes in a finite size configuration, we now take, for the sake of concreteness, our system to be a slab, infinite in the e 1 -e 2 plane and confined in the r 3 -direction by r . For this particular configuration, the discussion above implies the presence of gapless surface states associated with H lm0 (H lm1 ) at the surface r 3 = r ) for M lm0 < 0 (M lm1 < 0). In order to make a connection with the topological invariant (3.10) we now compute the winding number of the eigenspinors as
where the explicit overall sign difference between (3.36a) and (3.36b) reflects the opposite orientation of the outward normal vectors +e 3 and −e 3 at the surfaces r 3 = r top 3
and r 3 = r bottom 3
, respectively. Direct computation using Eqs. (3.33) and (3.35) gives
The total winding number of the surface states is encoded in the quantitỹ 38) which acquires the following values:
Comparison between Eq. (3.39) and Eq. (3.7b) thus establishes a direct relationship between the topological index (3.10) and the total winding number of the surface statesν. Similar analysis of the finite size system spectrum for domain wall configurations of the gap parameter along either the x or the y directions reveals the inexistence of surface states.
IV. INTERACTIONS WITHIN THE SINGLE-MODE APPROXIMATION
We begin by reviewing the single-mode approximation (SMA) to the FQHE from Ref. 31 .
In the IQHE, the external magnetic field organizes the single-particle spectrum into degenerate Landau levels, whereby two consecutive Landau levels are separated by the energy gap ω c . The cyclotron frequency ω c = /(m e 2 B ) is proportional to the magnitude B of the uniform magnetic field.
We consider the limit of very strong magnetic fields relative to the characteristic energy scale V of the electronelectron interactions, i.e., ω c V . Moreover, we consider a filling fraction ν ≡ Φ/Φ 0 < 1 (Φ the magnetic flux and Φ 0 the flux quantum) such that the exact manybody ground state |Ψ 0 does not break spontaneously any symmetry. The translation invariant interacting Hamiltonian H describing a nonvanishing density of spinless fermions moving in a plane perpendicular to an external magnetic field of uniform magnitude B and interacting pairwise with a (screened) Coulomb interaction is then well approximated, as far as low energy properties go, by its projection H LLL onto the vector space spanned by the lowest Landau single-particle levels.
Upon imposing periodic boundary conditions in an area of linear size L, H LLL is given by
where
is the Fourier transform of the screened Coulomb interaction, while 
whose energy expectation value ∆ k , measured relative to the exact ground state energy E 0 , sets a variational upper bound on the low excitation spectrum of the LLLprojected Hamiltonian (4.1). Assuming the inversion symmetry
a direct calculation using Eqs. (4.1) and (4.2) leads to
One recognizes on the right-hand side of Eq. (4.3d) the static structure factor. The insight of GMP in Ref. 31 was to realize that the density operators projected onto the lowest Landau level close the exact algebra
( B is the magnetic length). In turn, the algebra (4.4) implies that
in the small |k| limit. Hence, in the FQHE, a necessary (but not sufficient) condition for the existence of a finite gap in the thermodynamic limit is to have
also hold in the small |k| limit. In fact, Eq. (4.6) was shown in Ref. 31 to be satisfied when |Ψ 0 is chosen to be any Laughlin state with filling fraction ν = 1/m, where m is an odd integer. In the spirit of GMP, our starting point is a singleparticle Hamiltonian defined on a d-dimensional Bravais lattice and sharing its point group symmetry. We also assume that there exists at least one band that is independent of the lattice momentum, i.e., a flat band, and, furthermore, that is separated from the other bands by a single-particle gap ∆. We constructed a 3D example thereof in Sec. III. We then imagine switching on adiabatically a pairwise interaction that preserves the Bravais lattice point-group symmetry, say a (screened) Coulomb interaction. We shall denote with V the corresponding characteristic interaction energy scale. In the regime for which ∆ V , Hamiltonian (4.1) can be reinterpreted as the interacting Hamiltonian projected onto this flat band, provided we identify v q as the Fourier transform with the lattice momentum q of the pairwise fermion interaction, δ ρ q as the Fourier transform with lattice momentum q of the projected operator describing density fluctuation measured relative to the fermion density with lattice momentum q of the exact many-body ground state |Ψ 0 , whereby we assume that |Ψ 0 does not break spontaneously any point-group symmetry of the lattice.
The projected density operator on a flat band reads
where u k ∈ C N is vector-valued (its components range over the number N of orbitals per site of the Bravais lattice), while χ k and χ † k are the annihilation and creation operators, respectively, of single-particle fermionic eigenstates on the isolated flat band with lattice momentum k. Hence, they satisfy the canonical fermionic anticommutation relations
for any pair k and k of lattice momentum. In carrying out the program laid out in Eq. (4.3) for a general lattice Hamiltonian with a flat band, one notices two immediate obstacles. The first one arises from the fact that the commutator of two (projected) density operators does not satisfy the algebra (4.4) found by GMP for the FQHE in a uniform magnetic field. However, it was noticed in Ref. 49 that, in the limit of small lattice momenta k and k , the commutation relation between two projected density operators reads
in the thermodynamic limit L → ∞, whereby the shorthand notation
is used,
is the (real-valued) Berry field strength of the flat band, and
is the (imaginary-valued) Berry connection of the flat band, while · · · in Eq. (4.9a) accounts for higher order terms in powers of k and k . Consequently, it was proposed in Ref. 49 that the numerical observation of the FQHE without an external magnetic field in 2D Chern insulators in Refs. 45-48 can be understood on the account that, because in a 2D Chern band insulator the integral of the Berry curvature on the Brillouin zone equals the (nonzero) Chern number, replacing B(p) in Eq. (4.9) by its average, implies the GMP algebra (4.4) in the long wavelength limit. However, we would like to stress that, contrary to the 2D Chern band insulators for which one can associate the notion of an average Berry curvature due to the nonzero Chern number, for the 3D lattice models studied in Secs. II and III, the integral of the Berry curvature vanishes so that replacing B(p) by its average is meaningless. Even for 2D Chern band insulators, the Berry curvature is generically nonuniform; a fact that should be reflected in the exact many-body wavefunction.
The second obstacle to applying the SMA to an interacting lattice model is the fact that no good candidate wavefunction is presently known with which one can compute the static structure factor s k and compare its small k dependence with that of f k , as was done by GMP in Ref. 31 . Nevertheless, information about the behavior of f k for small k and the requirement of a finite gap in the thermodynamic limit, i.e., ∆ k → ∆ 0 = 0 for k → 0, puts a constraint on the static structure factor for small k and, correspondingly, on the correlations of the exact many-body wavefunction.
In Appendix E we discuss in detail the evaluation of the function f k defined in Eq. (4.3c) to lowest order in k. Our main result is that, due to the nonclosure of the density algebra for any d-dimensional lattice model, the leading contribution to f (k) reads Such a relation is relevant either for 2D fractional Chern band insulators for which, despite a nonzero Chern number, B(p) can be nonuniform throughout the Brillouin zone or for the general classes of 3D lattice models studied in Secs. II and III for which the integral of B(p) vanishes. The result (4.10a) also indicates that a prerequisite for the existence of a nonvanishing but finite many-body gap to excitations above the many-body ground state is that the static structure factor s(k) has also to vanish as k 2 to allow for the possibility of a nonzero ratio ∆(k) ≡ f (k)/s(k) and therefore a nonvanishing SMA gap in Eq. (4.3b).
V. SUMMARY
The noncommutativity of coordinates and density operators in a featureless liquid-like electronic state can be a local probe of its topological character. In this paper, we have studied how this fact, which is well-established for quantum Hall fluids in 2D, carries over to 3D topological states of itinerant electrons. In the limit of long wavelength, we found that both the algebras obeyed by projected position and density operators are characterized by the topological invariant of a 3D band structure with chiral symmetry. We established a relation between the algebra of the projected position operators and the classical Nambu-bracket of volume-preserving diffeomorphisms of 3D fluids, that might bridge the description of classical ideal fluids and that of topological incompressible states in 3D.
In this Appendix, we will review a derivation sketched in Ref. 59 , that relates the trace over the 3-bracket of covariant derivatives to the Chern-Simons invariant in 3D. We shall use a representation in terms of differential forms, which is equivalent to the notation using the fully antisymmetric 3-bracket used in the main text. Define the covariant derivative to be
where A µ is some (anti-Hermitean) non-Abelian gauge field. Define the one form
and the two form
We begin with the manipulation
where it was assumed that the derivatives are commutative
when acting on everything to the right.
The 2-form F has no derivatives acting to the right anymore, i.e., it is not a differential operator when acting on the basis that diagonalizes the position operator. We thus know how to compute the trace Tr F of F.
The situation is different for the 3-from arising from the third power of the covariant derivative
In general, it has derivatives acting on the right. In order to take the trace of this quantity, we are going to rewrite these derivatives as commutators of a 2-form with a 1-form. Indeed, upon taking the matrix trace of the commutator of a 2-form B and a 1-form C,
where we have used the cyclicity of the trace to reach the second equality and made a cyclic permutation of the indices on the second term to reach the third equality.
We now do the expansion
Observe that the first term on the right-hand side of Eq. (A8) can be rewritten as
where we again used that ∂ µ ∂ ν − ∂ ν ∂ µ = 0 to set the underlined term to zero, while the second term on the right-hand side of Eq. (A8) can be rewritten as
Thus, we have rewritten Eq. (A8) with all derivatives acting on the trace now represented by commutators between one and two forms,
According to Eq. (A7), we can discard all commutators when taking the trace of D 
can be decomposed into terms that are either odd in µν3 k ν or odd in k 3 and 
and k mnl is defined as in Eq. (3.8). In writing Eq. (D9), we have recovered the Dirac invariant (3.10).
